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JiLiI Abstract 

I For a supersymmetric Hamiltonian appearing in the matrix model related to 11 dimen- 
sional supermembranes, zero energy states are constructed. A useful symmetry, and an 
^ . energy-equipartition property is pointed out. 
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The supercharges of the previously studied SU(N) matrix model for supermembranes in 11 
space-time dimensions are sums of two terms (each being, separately, nilpotent and defining it's 
own supersymmetric Hamiltonian) : 

Q\ = Drnx^ + M^d,^ (1) 

(3 = 1,...,8 

where {\a,\} = = {5a„,5aJ , {K,dx^} = Sab, and the and Da , a = {a, A) = 
(1, 1) . . . (8, A?"^ — 1), are first order differential operators (with respect to bosonic variables 
{xjA, za,'za) j=i- -7 ) , given explicitly in terms of purely imaginary, antisymmetric, 8x8, 

A=l...Ar2_i 

so (7) Gamma matrices by 

^al = SapiqA + rl^p - \ fABC XjB XkC 

= Saf} - i fABC XJB Zc , (2) 

with QA := § /abc zbZc (and fABC being real, totally antisymmetric structure constants of 
SU(N)). 

In [1], solutions of Q/3X = ) Q])^ ~ ^' were constructed that are of the form 

* = (I-A)-^^(^) 

X = iI-B)-^x^^^ (3) 

with 

A = (/t.A) (L>t.A) , B = iI-dx)iD.dx) 

laA ■■= ^<^a/3 , (4) 

and (m'^ ■ 5a) = , (M • A) x'''' = . 

Here, I will only consider 

Qf ■■= Df^ 9a. , (5) 

satisfying {Q^j^^ , Q^^''} = , and giving rise to the non-negative supersymmetric quantum- 
mechanical Hamiltonian Qp + Q/3 ! which, in a particular representation for the F ma- 
trices, reads 

Hd = - 4.dA dA + fABC XjB zc fAB'C XjB' Zc 

+ 2 fAA'E XjE {Sa8 ^aj' - ^aj ^a's) Ka ^A^,^, (6) 

(for notational simplicity, j3 is chosen to be 8). 

Despite the fact that (6) does not have a genuinely quartic interaction (it is just a simple 
harmonic oscillator) the existence of zero-modes of (6) is somewhat non-trivial, and its zero- 
energy eigenfunction(s) show certain features that one may expect from a solution of the more 
complicated problem (involving M and D). 

To determine the spectrum of (6), diagonalize 

H'd ■= 2 fAA'E XjE {Sa8 5a' j - <5a'8 ^aj) ^aA ^A^/^/ (7) 
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by noting that if 

Waa' e^i^ = A ei^) , (8) 
*' = ei^i)...eg')A„,...A„, (9) 

will satisfy 

W„„. A„ ^A^, = (Ai + . . . + Xi) . (10) 
For the case at hand, (8) reads 

^ ^SA = 2 JaA'E XjE e>-J^, 

^efl = -2fAA'E XjE e^^J, , (11) 



implying 
with 



A^e^^ = +ASAA'ei'2,, (12) 



5'^^' := fABC XjB fA'B'C XjB' 
7 

= -Y,iAdXj)l^, (13) 



being the real symmetric (positive semi-definite, as Ylj Tr [[Xj, Z]^ [Xj, Z]^ > ) matrix whose 

eigenvalues s^-^\x) =: (u^^^)"^, A = 1 . . . (AT^ — 1) , determine the frequencies of the harmonic 
oscillators in (6). 

Clearly, the ground state energy of H^^ := — AOa Oa + zaSaa'ZA', is 



< = 2(a;« + ...+a;(^'-i)) . (14) 



Due to (11)/(12), {Waa') has eigenvalues +2oJi, . . . , +2aj^2_i, —2uji, . . . , — 26<;jv2-i (plus 6-{N^ — 
1) zeroes). Choosing / > A^^.i (and < 7-{N'^~1)), as well as Xa = -2a-'('^) for A = 1 . . . A^^ _ 

one sees that the ground state energy of can be compensated by the lowest eigenvalue of 
H'j-, - proving that * = if 



A=l 

■ ei72-«)(x)...e(7^-«)(x)A„,...A„, , (15) 

with a;('>^'-^) := , x^^^ +ix^'^^ := Raa'{x)za' {S = s R) - and f{x) subject to 
< oo (to get a SU(N) invariant zero energy state, one may average (15) with respect to 
the SU(N) action on it). One of the interesting features of (15) is its non-trivial dependence on 
X, in particular when two eigenvalues cross - or any of the cj^'^^x) reach(es) zero. It seems that 
the (almost trivial) supersymmetric harmonic oscillator (6) carries quite a lot of information. 

Finally, I would like to mention the following two properties of (supersymmetric) Hamilto- 
nians with supercharges of the type (1), (2): 

I) Let be odd, := (5^8 Xfj,- (1 - S,^s)xij,, /x = 1 . . . 9, and 

* - Ti-r Jr^--J^. V . . . d,^^ . . . d,^^^^ , (16) 
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I.e., 



Then 
implying 



*9x,* = -Xa . 
* Qix) * = (x) 



(17) 

(18) 
(19) 



* H{x) * = H . 

If, therefore, a zero-energy state of H exists, it may be assumed to be self-dual, 

* ^(x) = ^>{x) , (20) 

which means that in looking for such a state it is sufficient to only solve Q"^ = (as Q^"^ = 
then follows, via (20), (18)). 

II) Let H = -V^ + V{x) + Hf{x) , with V{Xx) = X'^''V{x) , Hf{Xx) = X^'-^Hpix) . H'i> = 
then implies 

(-A)v, = {Vh , (21) 



as 



x-V,-A + V + Hf 

= (2A + 2ny + (n - 1) /7f) ^) 

= (n + 1) (A + V) ^) . 

In the case of (1), more detailed, local, relations can be obtained. 



(22) 
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